Abstract. We classify the Kähler metrics on compact manifolds of complex dimension two that are solitons for the constant-volume Ricci flow, assuming that the curvature is slightly more positive than that of the single known example of a soliton in this dimension.
Introduction
The Ricci flow ∂g/∂t = −2Ric(g) is an evolution equation for Riemannian metrics. In several cases [H1] , [H2] , [H3] the flow converges, up to re-scaling, to a metric of constant curvature. However, "soliton" solutions to the flow give examples where the Ricci flow does not uniformize the metric, but only changes it by diffeomorphisms. In this paper we are concerned with soliton solutions for the constant-volume Ricci flow ∂g/∂t = −2Ric(g) + 2 r n g on a compact manifold. (Here, r is the average of the scalar curvature.) Soliton solutions will be generated by initial data satisfying
for some vector field X. We will refer to these as compact solitons.
In dimensions two [H3] and three [I2] the only compact solitons are constant curvature metrics, which are fixed under the constant volume flow. Nontrivial examples of compact solitons were constructed by Koiso [K] , in the form of Kähler metrics of cohomogeneity one on certain P 1 bundles on CP n . (For an elegant presentation of this construction, see [C] .) These examples start in dimension four, with a metric on P(L ⊕ C), where L is the hyperplane bundle on CP 1 . We will discuss this particular example in more detail below.
In this paper we show that a nontrivial soliton that is a Kähler metric on a compact complex surface has curvature at least as negative as Koiso's example. (It is easy to see from applying the maximum principle to the evolution equation for the scalar curvature under the Ricci flow that any compact soliton must at least have strictly positive scalar curvature, or else it is an Einstein metric [I2] .) Main Theorem. Suppose M 4 is a compact complex surface and g is a Kähler metric satisfying (1). If the sum a 1 + a 2 of the lowest eigenvalues of the restriction of the curvature operator of g to the space Λ 2 − of anti-self-dual forms 1 is nonnegative throughout M , then either M is S 2 × S 2 with g a product of metrics of the same constant positive curvature, or M is CP 2 with g the Fubini-Study metric.
In §1 of this paper we discuss the curvature operator for a Kähler surface, and the curvature of the Koiso example. In §2 we show how the soliton condition implies positivity of the curvature, proving our theorem.
That M must be S 2 × S 2 or CP 2 also follows from the results of Micallef and Wang [MW] , since our hypothesis is that g is a Ricci soliton Kähler metric with nonnegative isotropic curvature (see [H5] for details). The results in this paper differ in that we are able to get much more information about the curvature of g using the soliton assumption.
Kähler curvature
Recall that the curvature operator of a Riemannian metric is the Riemann curvature tensor regarded as a symmetric endomorphism of Λ 2 T M, or of Λ 2 T * M by metric duality. On a Kähler surface, the curvature operator has image in the holonomy algebra u(2) ⊂ so(4) spanned by the (1,1)-forms. If we choose an orthonormal frame
give a basis for the (1,1)-forms. When expressed using this basis, the curvature operator has the form  Let a 1 ≤ a 2 ≤ a 3 be the eigenvalues of A. Then the hypothesis of the main theorem is that a 1 + a 2 ≥ 0 everywhere on M. Koiso's example of a Kähler Ricci soliton doesn't satisfy this. The metric can be constructed as a U (2)-symmetric Kähler metric on C 2 , satisfying certain boundary conditions. If φ(t) is the derivative of the Kähler potential with respect to t = log(|z
where c 1 . = −0.5276 is dictated by the boundary conditions. (Our notation here comes from [C] .) The curvature operator takes the form 
The boundary conditions give φ 1, φ → 0 as t → −∞ and φ 3, φ → 0 as t → +∞. Plotting the solution of (2) reveals that λ is negative near the t = −∞ end, and hence a 1 + a 2 is negative there. On the other hand, the Ricci curvature is strictly positive everywhere, reflecting the fact that the first Chern class of the manifold is positive.
Coarse classification of solitons
In this section we will establish that if A is 2-nonnegative (i.e., a 1 + a 2 ≥ 0), then the soliton condition forces the entire curvature operator to be nonnegative. The argument uses Hamilton's version of the maximum principle for parabolic evolution equations on vector bundles [H2] . This says that if the ODE obtained by dropping the Laplacian preserves a convex set in the bundle, then the original evolution equation also preserves the set: sections that lie in the set at time zero continue to lie in the set. We will define such sets using inequalities for sections of S 2 (Λ 2 T * M ), the bundle in which the curvature operator takes value. (As explained in [H2] , the maximum principle is applied to the Ricci flow by carrying the curvature operator, by an evolving gauge transformation, to a copy E of S 2 (Λ 2 T * M ) with a fixed metric. The Levi-Civita connection induces an evolving connection on this copy, and our set is required to be parallel at all times. However, the connections are always Hermitian, and we will define sets in terms of the U (2)-invariants discussed above.)
We should note that a 1 and a 1 +a 2 are concave functions on the space of curvature operators (for example, a 1 ≥ C defines a convex set), |b| is a convex function, and a is a linear function. As explained in [H2] , the ODE for the curvature operator implies the following differential inequalities for these invariants:
along with the differential equation
While these differential equations come from the unnormalized Ricci flow, we can still use them to prove scale-invariant results for the normalized Ricci flow, since solutions for the two flows, starting with the same metric, differ only by rescaling in space and time (see [H1] ).
Lemma 2.1. If R > 0 and a 1 + a 2 ≥ 0 everywhere, then a 1 ≥ 0 everywhere.
Proof. Let f (x) be a positive, increasing, concave function of x such that lim x→∞ f (x)/x = 0 (e.g., take f (x) = log(x + 1)). We can scale f to arrange that
holds everywhere on M at time zero. This defines a parallel, convex set in E. Since a 2 ≥ (a 1 + a 2 )/2 ≥ 0, we see that da 1 /dt ≥ 0. Then the set defined by (7) is preserved by the ODEs. Thus, (7) holds for the solution of the unnormalized Ricci flow for all t ≥ 0.
Recall that a = R/2. Since
inf M R → ∞ in finite time. Since R max /R min is bounded on the soliton, this happens everywhere at once. Then (7) gives us a negative lower bound
that goes to zero everywhere. Since a 1 /a is scale-invariant, then for the solution of the normalized flow inf M a 1 /a must also become nonnegative as t → ∞. Then since we assume the solution is a soliton, a 1 must have been nonnegative all along.
Lemma 2.2. If a 1 ≥ 0 everywhere, then the curvature operator of M is nonnegative.
Proof. Let
and let n 1 be the least eigenvalue of N . (This will be invariant under the holonomy representation SO(3) ⊂ SO (4) .) It will suffice to prove that n 1 ≥ 0. The ODE corresponding to the evolution equation of N is
where A # is the adjoint of A. Since A has nonnegative eigenvalues, the same is true of the r.h.s. of (8). This implies that dn 1 /dt ≥ 0.
Let f be as in the previous lemma. Then we can scale f to arrange that n 1 + f (R) ≥ 0 at time zero. This defines a parallel, convex set in E that is preserved under (8). We argue as before that inf M n 1 /R becomes nonnegative as time goes on, and so must have been nonnegative all along. Proposition 2.3. M is either S 2 × S 2 with a product of metrics of the same constant positive curvature, or M is CP 2 with a metric of positive holomorphic bisectional curvature.
